INDIRECT ABELIAN THEOREMS AND
A LINEAR VOLTERRA EQUATION

BY
KENNETH B. HANNSGEN

1. Introduction and summary. We study asymptotic behavior of solutions of

) X0 =k-[ W=D+ O =x (=%

where k and x, are real, ¢ 20, and a(¢) satisfies

(H1) a(t) € C(0, 0) N Ly(0, 1). a(t) is nonnegative and nonincreasing, lim, ., ,, a(t)
=0, and 0<a(0+)=c0;

(H2) a(t) is convex downward; i.e., for 0<e<1 and 0<t,<tz<oo, ea(t))+
(1 —e)a(ts) 2 a(ty), where ty=cet, +(1 —e)ts.

By a familiar theorem on Volterra equations, (1.1) has a unique solution in
C1[0, 0). We define u(z) as the solution of (1.1) with k=0, x,=1, and we let
w(t)=[% u(r) dr. It is easily checked that the solution of (1.1) is given by x,u(t)
+kw(2). ~

Treating (1.1) as a special case of a nonlinear equation, Levin proved in [5]
that if a(z) € C[0, o), a(¢)#a(0), and (—1)*a®(¢)=0 for 0<t<o0, k=0, 1, 2, 3,
then

(1.2) lim u(?) = 0

and
(1.3).(i) If c+a(t) € L,(0, o) (in particular, ¢=0), then

lim w(r) = (f: a(t) dt)_l

(i) If ¢>0, then lim,_, , w(z)=0.
Levin also conjectured that

(1.4) If ¢=0, a(t) ¢ L,(0, o), then lim,_, ,w(z)=0.

The present theorem shows that (H1) and (H2) together are nearly sufficient for
(1.2), (1.3), and (1.4); in particular, Levin’s conjecture is proved. The theorem also
exhibits a class of kernels satisfying (H1) and (H2) but for which a different asymp-
totic behavior from (1.2), (1.3), and (1.4) can be established.

Received by the editors September 13, 1968 and, in revised form, February 3, 1969.
539



540 K. B. HANNSGEN [August

More specifically, note that if a(¢) is given by

= _min{f, kto}) _ 2n
@) a(t) = k; Sk(l ) wn=Z>0
(1-5) (b) 820, 0<d8=> 8 =a0)<w
k=1

(© Q = {k | 8, > 0} has no common divisor > 1,

then a()=372, 8,—t 22, (§,/jto), (k— 1ty <t=kt, It follows that a(¢) is con-
tinuous, and on each interval (k — 1)1, < t £ ki, it is linear with slope — > °_; (8;/jt0)-
Then a(?) satisfies (H1) and (H2). When (1.5) holds, we may also have

(1.6) w = 4/(8+¢) = jro, Jj = positive integer.

We will establish (1.2), (1.3), and (1.4) when a(?) satisfies (H1), (H2), and
(H3) a(t) admits no representation (1.5) such that (1.6) holds.
Complementary to (H3) is
(H4) a(?) satisfies (1.5) and (1.6).
When (H4) holds, we define y=(38+2c¢)/(8+c) and let

u,(t) = u(t)—2y~!cos wt
and
wi(t) = w(t)—2(yw) ! sin wt.
We prove ‘
THEOREM. Let ¢ 20, and let a(t) satisfy (H1) and (H2). Then
. tl_ig} u(t) = 0, if (H3) holds,
® tlirg uy(t) = 0, if (H4) holds.
(ii) If c+a(z) ¢ L1(0, o),
tlin; w(t) = 0, if (H3) holds,

lim wy(t) = O, if (H4) holds,
(iil) If c+a(z) € Ly(0, o),
lim (1) = ( f " () dt)'l, if (H3) holds,

lim w,(r) = ( f: at) d:)'l, if (H4) holds.

Generalizations of the results in [5] to nonlinear versions of (1.1) are given by
Levin and Nohel in [7]. A result of Friedman (Theorem C of [3]) implies (1.2)
and (1.4) for c+a(t)=t"% O0<oa<1. Halanay [4] studied a nonlinear equation
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including (1.1) with k=0 when c+a(s—7)—ee~**"*! is a positive kernel on
{0=<s=<t,0=7=¢} for all =0 and some ¢,>0, «>0.

The Laplace transform argument of our proof resembles the proofs of the
“indirect abelian” theorems in [2, pp. 265-275]. Such theorems were used by
Levin and Nohel in [6] to find an asymptotic expansion as ¢ — oo of solutions of
an equation similar to (1.1) but where the kernel is, among other things, completely
monotonic on [0, o).

Throughout the discussion S denotes the subset of the complex plane given by

S={s|Res=0,s # 0}
We define
T
A(s) = Tlim f e Sta(t)dt, sed.
-0 Jo

Then A(s) is the Laplace transform of a(t); similarly let X(s) be the Laplace
transform of x(¢). Taking Laplace transforms formally in (1.1), we obtain X (s)p(s)
=Xo+(k/s), where p(s)=(c[s)+ A(s)+s. In Lemma 5 we show that when (H3)
holds, p(s)#0 for s € S. Then

X(s) = (xo+(k/s))[p(s), s€S.

The complex inversion formula for Laplace transforms, together with contour
integration and some estimates on A(s), yields

(L7 x(t) = lim & [ f 4 j °"]ezm)((zf) dr,  t>0,
&0 2m -© €

where for each >0 the integrals are uniformly convergent in t=7>0. The

Riemann-Lebesgue theorem and other abelian arguments then yield our results.

When (H4) holds, we find that p(s) has exactly the two zeros s= +iw in S. A
formula similar to (1.7) but with principal values taken also at = + w is used in
this case.

§2 presents a sequence of lemmas concerning a(¢) and A(s). The theorem is
proved in §3.

Much of the research presented here appeared in the author’s Ph.D. thesis
(University of Wisconsin, 1968). The author wishes to thank his thesis director,
Professor J. J. Levin, for many suggestions used here. Most of this research was
done while the author held an NSF Graduate Fellowship.

2. The Laplace transform of a(z).

LemMMA 1. Let 0>0, and let a(t) satisfy (H1). Then
(i) e~ta(t) satisfies (H1).
(ii) If a(z) satisfies (H2), so does e~ *a(t).

Proof. (i) Obvious.
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(i) Since a(t) is continuous, it suffices to prove the convexity relation in (H2)
with e=1/2. Set a;=a(t,) and b;=exp (—ot,), i=1, 2, 3. Then a;, b;20, a, —a,=a,
—az20, b,—by>b,—b3>0. Hence a;b,—asb,=a;,(b;—by)+bs(a;—az)=as(bs—bs)
+ bs(a,—as)=asb,—agb,, and (ii) is proved.

We state without proof the following easy consequence of convexity:

LemMA 2. If a(t) satisfies (H2), then for any 8>0, the function a(t)—a(t+39) is
nonincreasing.

LeEMMA 3. Let a(t) satisfy (H1). Then
(i) A(s) is defined, finite, and continuous in S. A(s) is holomorphic in {Re s> 0}.
(ii) For o+it€ S, 7#0,

/||
[Im A(o+i)| < f a(t) sin ||t dt
0
(21) allt
<[ awa,
1]
and
nl2] 1|
22) IRe A(o+ir)| < f a(t) dt,
0

so that |A(o+i7)| — 0 as || — oo, uniformly in 0 <o <o0.
(iii) If a(t) also satisfies (H2) and o+ it € S, then

n/2]t]
|A(o+in)| 2 \/Lz cos 7t e~*ta(f) dt
0

/31|

> Kl/i j e-7ta(t) dt

0

2.3)

(the case T=0, 1~ =00, is included); and if >0,
T T
@2.4) lim f a(tysinrrdi+lim [ a(r) cos vz dt = 0.
T-w Jo T Jg/2t

Proof. (i) For s=o+ir€ S, >0, T>0, define
T
(T, s) = J a(t)e~° cos 7t dt
0

WT, s) = f: a(t)e~" sin =t dt.

Since a(t) — 0 as t — 00, A(s) has a nonpositive abscissa of convergence (see e.g.
[8, Chapter II]) so that A(s) is holomorphic in {Re s> 0} with

@) [AG)]* = AGs*) = Lim [$(T, 5)+ (T, )]

for Im s> 0, *=complex conjugate.
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For any T>0, ¢ and ¢ are continuous functions of s. (H1) and Lemma 1(i)
show that e ~“%a(t) is nonnegative and nonincreasing on (0, ). For s=0+ir, 7>0,
T, T, =(n+3)n/r, n=nonnegative integer,

(n +3/2)nlt

4T )= 9T 9) 5 | a(t) dt

(n+1/2)zn/z
and similarly for . Since a(t) — 0 as t — oo, $(7,, 5) and (T, s) converge as T — o,
uniformly in any set of the form

SN{o+ir|0< 1= 7= 71 <0}

to continuous functions ¢(s) and ¥(s). Comparing this with (2.5), we see that (i)
is proved.

(ii) Since Re A(o+i7) and Im A(c+i7) are respectively even and odd in =, we
may assume 7> 0, Since for each T>0 we have

/2%
|¢(T, o+i7)| = f a(t)e= cos 7t dt
(1]

72t
< f a(t) dt,
0

(2.2) holds. (2.1) is obtained similarly.
(iii) The case =0 is trivial, and by symmetry of Re A(c+i7) and Im A(o+i7)
in 7, we may assume 7>0. Note first that since A(ir)=¢(ir)—i(ir),

(2-6) V2|A@7)| 2 |$G7)| + [h(ir)| 2 $(ir) +4(ir).
But

N 2121 . n 2knlt T T
$(ir) = fo a(t) cos 7t dt+ lim Z f a(t+z_) cos [T(H'E)] dt

N2 =1 J2(k-1)xa/t
and
n
(i) = lim >
N0 -

1

2knlt
f a(?) sin 7t dt,

2(k-1)nlt
50 (2.6) becomes

n/2t
lv/24(i7)| - J' alt) cos =t dt
(V]

. n 2knlt . m w
> s o
= 31_1.11 121 J;(k—l)ult {a(t) st -rt+a(t+21) c0s [T(t+2"’)]} a.

We note that the right-hand side of (2.7) equals the left-hand side of (2.4) and
that both (2.3) for =0 and (2.4) will follow if we show that this right-hand side is
nonnegative. But for any integer k=1,

2knlt { y . ; ; s - d
7 t+ t
L(k—l)nlt a( )Slll ! +a( +2"') cos [?( +2‘r)]}

nlt
= f sin 7t[a(t+ xo) —a(t + x,) — a(t + x2) +a(t + x3)] dt,
0

@7
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where x;=2(k— 1)a/r+jn[27, j=0, 1, 2, 3, and Lemma 2 with § ==/27 shows that
the integrand is nonnegative. For (2.3) with ¢>0, we apply (2.3) with =0 to the
function b(¢)=e~°%a(t), which satisfies (H1) and (H2) by Lemma 1, and which
has Laplace transform B(s)=A(s+ o). This completes the proof of Lemma 3.

COROLLARY 3.1. Let a(t) satisfy (H1). Then |sA(s)| >0 ass—0,seS.

Proof. We let s=o+ir. Applying (2.1) and (2.2) to the function b(¢)=e~"a(t),
we have

A = Is] 1BGA 5 w2l [ e=rtate)

when 7#0 and, trivially, also when 7=0, o> 0. Thus if 0= |7|, |s4(s)| $20 7 e~
-a(t) dt=204(o), while if |7| >0, we have |sA(s)| £2|7| [ a(r) dt; one of these
estimates is valid for each s € S. But since a(t) — 0 as t — o,

@.8) f Ta(t)ydi = o(x) (x> c0).

It follows that |7| [ a(t) dt — 0 as 7 — 0; and (2.8) together with an elementary

abelian theorem for Laplace transforms [8, p. 182] gives 0A4(s) >0 as o — 0+.
In view of our estimates for |sA(s)|, the corollary is proved.

COROLLARY 3.2. Let a(t) satisfy (H1) and (H2), and suppose that a(t) ¢ L;(0, o).
Then [s+A(s)]"* —0ass—0,s€eS.

Proof. By Lemma 3(iii),

_ . 1 ni3|t| ot
4G = A +inl 2 35 [ e ate) e
n/3]sl
> m f a(t) dt,
[}
where m~1=24/2¢"3, Then for sufficiently small |s|,

s+ A(s)]Y| < 2(m f:’a's' a(t)dt)_l —o(l) (|s|—0).

LEMMA 4. Suppose a(t) satisfies (H1) and (H2). Then exactly one of the following
two cases holds:
1. Either (i) a(0+) =00 or (ii) a(0)=a(0+) <o and V7 >0 there exists an integer
k=k(7)>0 such that

@9 o) g (2=l o 2k

T

I1. (i) There exists a positive number , and a sequence {8,}7-. such that (1.5)
holds.
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(ii) The numbers t,, to, and & and the sequence {8,} are determined uniquely by
(1.5). All positive T such that

2.10) a(z(k:”")—za(z(k“fl)"*")+a(¥’)=0, k=12,...

are integral multiples of .
(iii) The Laplace transform of a(t) is given by

81 &g,
.11) A(s)—§+?kzllc—h)(exp[—skto]—l), seS.

Proof. First we note that a representation (1.5) implies (2.10) with 7=1,, so
cases I and II exclude each other.

Now suppose we are not in case I, so that (2.10) holds for some r=7,. Let J
denote the set of positive integers j such that (2.10) holds when r=1,/j. Then
1 e J. Also, J is a finite set; for (H1), (H2), and (2.10) with k=1, r=7,/j, j € J, show
that a(z) is linear with negative slope on [0, 2jm/7,] whenever j € J. We let j, be the
largest jeJ, and set 7o=r,/j,. Then for any integer j>1, (2.10) does not hold
with 7=1,/j.

By convexity, (2.10) with =7, shows that a(z) is linear on each interval
2(k— Dm|ro St <2km|7o; we let — A, be its slope there. By (H1) and (H2),

A=A =2A2---20, and lim A, = 0.

k-
We define t,=27/r, and §,=kto(A,—A,.;,1)20, k=1,2,3,.... Then on the
interval (k— 1)t, <t £ kt,, the function defined by the right-hand side of (1.5a) has
the value

Z”:k 81(1";) = i (A=A )(to— 1)

5 Jto =k

= Ak(kto—t)‘l' Z Ajto

k41
- f; da(r) = a(?).

This proves (1.5a) and (1.5b).
For (1.5¢), we note that if j> 1 divides all £ in Q, then
< _min {1, jklo})
aw=> S,k(l i),
and as in the proof of (1.5a), a(¢) is linear on 2j(k — D)m[7o St £ 2jkm[70, k=1, 2, . . ..
But then (2.10) holds with 7=17,/j, and we chose 7, so as to make this impossible.
This completes the proof that II(i) holds when I does not hold.
To prove (ii), suppose

(1.52") at) = > 3;(1—"%2&}), 5= 2mfrl
k=1
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with corresponding (1.5b"), (1.5¢"). Let k; <ky<ks<--- be all the elements of Q,
and kj <kz<--- all the elements of Q'. By (1.5a, a’), for each i

(2.12) kity = kito = max {x | slope of a(t) has exactly i different values on (0, x)}.

In particular, t,/t;=k}/k,=rational number, so ?,/to=p/q, where p and gq are
relatively prime positive integers. Then for each i, by (2.12), k,p/q=k;=integer.
By (1.5¢), g=1, so by (1.5¢") also p=1 and t,=1;. By (1.5a, a’), 7o=170. By (1.5a"),
the slope — A, of a(t) in [(k— 1)to, kto] is — 252, (8}/jto), so by the definitton of §
in the proof of (i), 8, =(A. — Axy 1)kto=20,. (1.5b, b’) give §=48', and uniqueness is
proved.

Any 7 satisfying (2.10) leads, as in (i), to a representation (1.5") with 7o=1/j.
By uniqueness jr,=j7ro=7, and (ii) is proved.

(iii) This follows from (1.5) by direct computation. This completes the proof of
Lemma 4.

LEMMA 5. Let a(t) satisfy (H1) and (H2), and let ¢=0. Define
p(s) = (c[s)+A(s)+s, seS.
Then
() p(s) has no zeros in S if (H3) holds. If (H4) holds p(s) has exactly the two

zeros s= +iw in S.
(i) When (H4) holds,

(2.13) |p(s)—y(s—iw)| = o(|s—iw|]) (s —iw,s€S),
where y=(38+2¢)/(8+c¢).

Proof. (i) First, (2.11) shows that p(+ iw)=0 when (H4) holds.
For s=ir+#0,

n 2n/]t| -
Re A(ir) = lim Z f a(z(k 1)1T+t) cos 7t dt.

n-o 2 Jo |"'|

But for each %, the integral in the sum is equal to
/2] t]
J- [a(xo+1)—a(x;—t)—a(x,+1t)+a(x,—1t)] cos 7t dt,
V]

where x;=[2(k—1)+jlx/|7|, j=0, 1, 2. Lemma 2 with 8=(=/|r|)—2¢ shows that
the integrand is nonnegative. Furthermore, Lemma 4 shows that if a(z) is in case I
of Lemma 4 or in case II with jro#|7|, j=1, 2, 3, ..., then there exists k such that
the integrand is positive at =0, and by continuity on an interval 0 <t <e; for this
k the integral is positive. We conclude that Re A(i7) =0, and if Re A(i7)=0, then
a(t) is in case II of Lemma 4 with 7=jr,, j=integer.

By Lemma 1, if 0>0, the function e~ *%a(¢) satisfies (H1) and (H2). Thus for
>0 (by the preceding paragraph for r#0 and trivially for r=0), Re A(c+i7)
=[& [e~ta(t)] cos ¢ dt 20.
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To apply these remarks, we suppose that p(s)=0, s=o+ir € S. Then
0 = Re p(s) = co/(o®+ %)+ Re A(o+i1)+o.
Therefore =0 and a(¢) is in case II with r=jr,, j=integer. But then, using (2.11),
0 = Im p(s) = —(c+98)[jro+j70;
i.e., c+8=(jro)>=12, so that (H4) holds and s= + iw. This proves (i).
(ii) By (2.11),

po)—s+ 245 - i) = [ 13 ki 2 (exp [ skio] )|~ (5 o).

=y Klo

On the left-hand side we expand s, «?/s, and 8/s2 in Taylor series about iw; on the
right we rearrange terms. Then

gy PO=Hs=iw)+0(s—iwf?) = 572 kzl%‘o (exp [— skto] — 1 +skto— iwkty)
(s —>iw,s€8).
For Re s=0,
|(exp [—skto]— 1 +skto—iwkto)[kto| < |exp [—skto]—1|/kto+ |s—iw|
< 2/kty+|s—iw|.
On the other hand, the power series expansion of exp (—skf,) about s=iw yields

for k|s—iw| =1

,z [(s— iw)(— kto) P!

00

; B2 +2)!

< (exp [tolk/to)|s —iw|?.

= kls—iwlz /to

Using these two estimates, we have for Re s=0

Z %"— (exp [—skto]— 1+ skto—iwkty)

k=1 "0

(2.15)

n(s) o ©
< w ls—iw|® > k& +|s—iw| > 8o+ 2 > Sk,
Y k=1

k=n(s)+1 Ox=n(s)+1

where n(s) is the greatest integer such that n(s)|s—iw| 1.
By (1.5a), a(¢)= >, 8,[1 —(min {¢, kto})/kt,] for m=1,2,3,.... Since

Kty
f 8u(1—tkto) dt = kio8y/2,
0

we have 2 [7% a(t) dt2 1, 3., k8,. Hence

n(s)

k=1 k= on( ) f() | | ’
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since a(z) — 0. Also, since > §, <o,

2 < < .
PN S wrerm k%u Sulk < (1+2/’°)k=%+1 8 —>0 as |s—iw| > 0.
Combining this with (2.14), (2.15), and (2.16), we have (2.13), and Lemma 5 is

proved.

3. Proof of theorem. Integrating (1.1), we obtain
t
(1) = xo+kt— f F(t=x(x) dr,
0
where 0= f(2) =}, [a(7)+c] dr £ [ a(7) dr+c+[a(1) +c]t. By a standard result on
Volterra equations [1, §7.6], x(¢) satisfies an inequality
|x(2)| £ Bse®, b, B, > 0.

Substituting in (1.1), we have
1 t
()| £ k+Bie® f [a(7)+ ] dr+ [a(1) +¢] f Bie¥ dr < Bye™.
0 0

Taking Laplace transforms in (1.1), we obtain X(s)p(s)=x,+(k/s), Re s> b,
with p(s)=c/s+ A(s)+s, as in Lemma 5. By Lemma 5(i),

3.1 X(s) = (xo+k/s)/p(s), Res > b,

and (3.1) defines X(s) as a function holomorphic in {Re s>0} and continuous in
S (for H3) or in S —{ £ iw} (for H4). Also note that by (2.5) we have [X(s)]* = X (s*);
and by Lemma 3(ii), X(c+ir) — 0 as || — oo, uniformly in 0 < ¢ <c0.

(i) We set xo=1, k=0, X=U in (3.1). Then

1 (c/s)+A(s)

Uls) = s c+sA(s)+s?

s =o+iteds.

For any 020 and sufficiently large R>0, the second term is in L;{(—o0, — R)
U (R, )} as a function of 7, by Lemma 3(ii); and integration by parts shows that

for any T>0
-R ©
[f +J ]em(a+i'r)'1d‘r
- R

converges uniformly for #>T. Then the exponential bound on u(¢) and u(t) e C’
justify the inversion formula

G.2) 2mu(t) = et J

«©

e*U(o+ir)dr, o> b,t>0.

If c+a(t) € L,(0, ), A(s) has limit A(0)=[7 a() dt at s=0, so U(s) is continuous
with U(0)=1/A4(0). If c+a(?) ¢ L,(0, o), Corollaries 3.1 (if ¢>0) and 3.2 (if ¢c=0)
show that U(s) — 0 as s — 0, s € S, and again U(s) is continuous at s=0.
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Thus if (H3) holds, Cauchy’s theorem and the fact that U(o+ir) -0 as |7|

— oo uniformly in o yield

(.3) 2mu(t) = f ey (in) dr.

The Riemann-Lebesgue theorem for finite intervals and the uniform convergence
of the integral in (3.3) yield u(¢) — 0 as ¢t — oo.
On the other hand, if (H4) holds, we set

(3.9 Ui(s) = U(s)—2s/y(s2 + «?).

Since 2s/y(s®+w?) is the Laplace transform of 2y~ cos wt, (3.2) holds with u,
and U, in place of # and U. Using Cauchy’s theorem as before, we have for
O<p<w,

2mu(t) = U R f o f:ﬂ]eﬂtvl(if)df

+= U +f ]eS‘Ul(s) ds, t>0,
1 lJey cy

where C; is the semicircle {+iw+ pe', —m/2<0<7/2}. Since Uy(s*)=[U,(s)]*,
this may also be written

(.5) mu(t) = [ J' s ] Re {™U,(ir)} df+% J‘w Re {e*Uy(s)} ds, ¢ 0.
] w+p I3
Note that

Uy(s) = (s) = 1 GO G-ia,ses)
Writing p(s) =y(s— iw) + [p(s) — y(s — iw)], we find that
_ A s~ i) -1 .
68 ) =P s e oW ¢imses)

Thus, for s e C, (2.13) yields e*U,(s)=0(p "), (p — 0). Since |C;} | =mp, we may
let p — 0 in (3.5) and obtain for 0<n<w

mu(t) = [ J:"Z f:ﬂ Re {"U,(ir)} dr +lim [ f f ]Re (U, (ir)} dr.

&0

Treating the first term as for (H3) (3.4 and integration by parts show that [ in
converges uniformly), we have

() = lim [ f L f ‘“"]{[Re Uy(in)] cos =t —[Im Uy(ir)] sin 72} dr+o(1),
(37) &0 lJw-n w+s
(t—>),0< 19 < o

For real A define

> 8 > 8
S(QA) = £ (sin ktoA—kto)), c») = = (cos kt,A—1).
O = 2 g Ginktod—kio),  C) = 3 g (cos kod—1)
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Note that
3.8) CAH=C(-) =0, AS(A) = —=AS(=)) 20,
and C(A+jw)=C(A), for any integer j. By (2.14),
pin)—iy(r—w) = [-C(n)+iS(r—w)][?+O(|7-w|?) (1> w).
(2.15) and the argument following it show that

3.9 [CO|+]|SA)| = o(d), A—0.
Using these facts in (3.6) one computes

iT) = —C() T>w
(3.10) Re Uy(i7) = e +0(1)]+0(1) ( ),
and
G.11) Im Uy(ir) = R(f—w)+0(O_CT(1-u?)3) +0()  (r>'w),
where

Sy +SA)/wA]

RQY) =

rR(y + SN/ A0?)? + C2(N)/ V0]

Now let t=1*=2n|w in (3.7). Since sin 7¢* =sin (1—w)t*=0(7— w), (1 - w), we
see from (3.9) and (3.11) that with z=¢* the second term in the integrand in (3.7)
is bounded on (w—7, w+17). It follows from (3.7) and (3.10) that

. w-& fre*nl C(r)cos Tt*dr
(3.12) lim U* wre) TooPPDETo(D]

exists and is finite. But by the choice of tz*, the integrand in (3.12) is =<
C(7)/2(7— w)®y%w? for |7 —w| sufficiently small. Since C(7) =0 we conclude

(3.13) C(M/(r—w)? € Ly(w—n, w+7).

In view of (3.10), (3.11), and (3.13), an application of the Riemann-Lebesgue
theorem to (3.7) yields

w+n

(14) —m(r) = lim [ f Ty
Lind o=n

Note that R(— A)= — R(A). The change of variables A=7— w in (3.14) shows that
to complete the proof of (i) we need only show that

]R(f—w) sin 7t dr+o(l), 1> co.

w+te

n
(3.15) r(t) = lim f [sin (w+ A)z—sin (w—A)t]JR(A) dA = o(1) (¢t — ).
-0 Jg
A trigonometric identity and |(sin Az)/A| £¢ permit us to write

(3.16) r(¢) = 2 cos (wf) f " RO\ sin At .
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To prove (3.15), note first that
IS’ W] =| > 8ilcos kteA—1)| < 25.
k=1

Similarly, |C’(X)| £ 8. Straightforward computations and estimates then show that
|R'(X)| = M[X? for some constant M <o, 0<A<7z. Also note that |AR())| =
K:|S(W/A| £ K;, Ky, Ky <.

Now let £ >0 be given; pick x>0 so that (M + K;) < pe/3, and pick T>0 so that
(M+K;)[nT<¢/3 and |K;S(X)/A| S¢/3p for 0 <A< p/T. Then for =T, integration
by parts yields

n . 1 1

R(A)sin AtdA| £ (M+K, (—+—)§2 3,
Lu @i ‘ ( 2) T p «l
while

fo ** RO) sin A dAI < | f:n [AR() sin A]/A ‘”‘I < ¢f3.

These estimates, together with (3.16), prove (3.15) and complete the proof of (i).
(i) We set x,=0, k=1, X=W in (3.1). Note that W(c+it)=O0(r"%), |7| = o0,
s0 W(o+ir) € Li{(—0, R) U (R, )} for R sufficiently large and 0 < o < co.
If (H3) holds, we use Cauchy’s theorem as in (i) to obtain, for each ¢>0 suffi-
ciently small,

G.17) 2ew(t) = [ f _-w+ f w]e"‘W(i-r) drt L‘ W (s) ds,

where D, is the semicircle {ee*¥, — /2 < 8 <n/2}. Corollaries 3.1 and 3.2 show that
W (ee*®)=0(1/e), (¢ — 0), uniformly in —=/2< 6= n/2. Since |D,| =emw, we may let
e—01in (3.17) and obtain
-8 [
27w(t) = lim [ f + f ]e“‘ W(ir)dr, >0,
-0 -0 &

Now the symmetry of W(ir) in 7 and the Riemann-Lebesgue theorem imply that
for A>0,

A
(.18) (1) = lim f Re {e W (i)} drto(l)  (t— oo).
Next we derive a formula similar to (3.18) for w,(¢?) in the (H4) case. Define
Wi(s) = W(s)—2/y(s*+«?).

Note that 2/y(s2+ w?) is the Laplace transform of 2(yw)~? sin wt. Note also that
Wi(s)=Uy(s)/s=(Uy(s)/w)+ O(1), (s = w, s € §). Continuing as with U,(s) in (i)
and using W,(ir) € L;(w+7, o), we obtain

o
(@) = lim f " Re {e"W,(ir)} dr
& &

w- w+
+w-lim [ f 4 f ] Re {e"U,(in)} dr+o(1),
w-n w+p

p=0
t—>0,0< 1< w
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Since Wy(s)— W(s) is bounded on (0, w—7), we may replace W, by W in the
first term above. By (3.7) and conclusion (i) of the theorem, the second term is
o(1), (t = ). Thus for 0< A< w,

(3.19) my(1) = lim f * Re {e" W (i)} dr+o(l)  (t— o).

Now set A=1 when (H3) holds, A=w/2 when (H4) holds. By (3.18) and (3.19)
we can complete the proof by showing that

(3.20) lim (lim LA Re {e™ W(ir)} df) - 0.

t+oo \eg— o

If ¢>0, W(ir) is continuous on [0, A], by Corollary 3.1, so that (3.20) holds.
It remains to prove (3.20) with ¢=0.
For 0<7=< A, define

/2
0

@) $i(ir) = f " a(t) cos =t di

(®) du(ir) = lim | " a(t) cos =t di
- Ja2t

©) é(ir) = ¢1(i) +2(i7)

@) $Gn) = lim f " () sin =1 dr.
T-w Jo

As in the proof of Lemma 3,

(3.22) Re A(i) = ¢(ir) and Im A(ir) = —(ir).

(3.21)

Lemma 3 gives some useful facts about these functions. In addition, since
0<a(r) |, $(i7) <0, so that (2.4) implies

(3.23) Wir) 2 Ialir), 0 <7 = A
Also, (2.1), (3.22), and 0=a(r) | yield

nlt
0 < d(in) < J at) sin =t dr
0
nl4t
<4 f a(t) cos 7t dt
0

2t
< 4f a(t) cos 7t dt,
0

ie.,

(3.24) 0 =< J(i7) £ 4¢.(i7), 0<7= A

The choice of A insures that W(ir) is continuous on (0, A]. Using (3.22) and our
assumption ¢=0, we compute

W=7 . i)
r|A(ir)+ir|? ~ 7]|A(ir) +i7|?

W (ir) =
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Defining y(f)=lim,_, [* Re {e" W (ir)} dr, we have

T A Y(ir) dr _ A cos Tt dr Asin 7t P(ir)dr
ym'ﬂﬂ{ﬁ°“”rumnﬁv elMM+H”J; T [AGn)+ir]?
By Corollary 3.2, the middle integrand is continuous on [0, A]. Since [sin 7¢/7| < ¢
for t>0 and
o I T
[AGr)+ir| — [$(n)+i(z—Gm)| = 7
Corollary (3.2) also shows that the third integrand is continuous in [0, A] for each ¢.
Therefore

Y(ir)dr " costdr
T|AGir)+ir|? [ |A(im)+ir|?

s '(A sin vt g(ir) dr
o T |AGT)+ir|*

A
y(t) =lim | cos 7t
(3.25) =0 Je
t>0.

But for 0 <7 <=/3t we have cos 7¢>1/2 and ¢(ir) 20; hence the existence of the
limit in (3.25) shows that

(3.26) P(it)[7|A(iT) +ir|? € L, (0, A).

Applying the Riemann-Lebesgue theorem to the first two integrals in (3.25), we
obtain

om o[BIy e

Another consequence of (3.26), together with (3.23), is

(3.28) éq(it)[7|A(iT) +i7|? € Ly (0, A).
We rewrite (3.27) as
_ [“sin7t dr A sin 7t ¢, (i7)p(it) — $2(iT) — (Y(ir) — )2 ,
529 N = fo 5T, 516D AGn) Fir]? dr+o(l)

(t— )
= y:1(t)+ya(t) +o(1) (t— o0).

Then

(3:30) u(0) = = [ sin ot [RLIEGD ¢2(ir)+'/’g:()l.:)’(¢(if)—f)] W-

Now, (3.23) and (3.24) show that |(¢,(i7) +¢2(i7))/$:(i7)| and |P(i7)/¢.(i7)| are
bounded on (0, A). Since a(t) ¢ L,(0, ), (3.21a) gives

/3t
(.31 é1ir) 2 % f a(t) dt >0, as -0,
0

so that |7/¢,(it)| is also bounded. Then by (3.26), (3.28), and Corollary 3.2, the
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coefficient of sin ¢ in (3.30) is in L,(0, A). Using the Riemann-Lebesgue theorem
once more, we have

(332 lim yy() = 0.
t— o0
Finally, to treat y,(t), we note that for >0
d /21 .
7;¢1(i7) = —f ta(t) sin vt dt £ 0.
0

Thus by (3.31), 1/¢,(i7) | 0 as 7 | 0; in particular, 1/¢,(i7) is of bounded variation
on [0, A], and a familiar theorem concerning the kernel (sin 7¢)/7 [8, p. 64] yields
y1(t) - 0 as ¢ — oo. Combining this with (3.29) and (3.32), we have (3.20), and
(ii) is proved.

(iii) A proof similar to that for (i) can be obtained by considering Wy(s)
= W(s)—1/A(0)s. We obtain (iii) from (i) as done in the proof of Theorem 2(i)
of [5].

By the definition of w(t), we have u(t) =w'(t), where the asymptotic behavior of
u(t) is given by conclusion (i). (1.1) for w becomes

(.33) u(t)—1 = — f " a(t= () dr,

since ¢ +a(t) € Ly(0, o) implies ¢=0.

When (H3) holds, Levin’s proof of Theorem 2(i) in [5] applies word for word to
give w(t) = ([ a(r) dr)~* as t > oo.

If (H4) holds, we use A(iw)= —iw (from Lemma 5) and a(¢) € L,(0, ) to
compute

—f‘ a(t-f)“i“g+d’ - ;—j " a(s) sin [w(t— )] dr

0 - 0
= 1m {2 [ G- [~ arye-rerar|}
N )

Then by (3.33) and conclusion (i),

J: a(t—owy(r) dr = 1+0(1) (t - 0),

and wy(t) - 0 as ¢t — oo. The proof of (iii) can now be completed by the method
of Theorem 2(i) of [5], which gives w,(t) — (& a() dt)~* as t — co. This completes
the proof of the theorem.

REFERENCES

1. R. Bellman and K. Cooke, Differential-difference equations, Academic Press, New York,
1963.



1969] INDIRECT ABELIAN THEOREMS 555

2. G. Doetsch, Theorie und Anwendung der Laplace-Transformation, Springer-Verlag, Berlin,
1937.

3. A. Friedman, On integral equations of Volterra type, J. Analyse Math. 11 (1963), 381-413.

4. A. Halanay, On the asymptotic behavior of the solutions of an integro-differential equation,
J. Math. Anal. Appl. 10 (1965), 319-324.

5. J. J. Levin, The asymptotic behavior of the solution of a Volterra equation, Proc. Amer.
Math. Soc. 14 (1963), 534-541.

6. J. J. Levin and J. A. Nohel, On a system of integrodifferential equations occurring in
reactor dynamics, J. Math. Mech. 9 (1960), 347-368.

7. , Perturbations of a nonlinear Volterra equation, Michigan Math. J. 12 (1965),
431-447.

8. D. V. Widder, The Laplace transform, Princeton Univ. Press, Princeton, N. J., 1946.

UNIVERSITY OF CALIFORNIA,
Los ANGELES, CALIFORNIA



